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Abstract. We completely describe the components of expected dimension of the Hilbert
Scheme of rational curves of fixed degree k in the moduli space SUC(r, L) of semistable vector
bundles of rank r and determinant L on a curve C. We show that for every k ≥ 1 there are
gcd(r, degL) unobstructed components. In addition, if k is divisible by r1(r− r1)(g− 1) for
1 ≤ r1 ≤ r − 1, there is an additional obstructed component of the expected dimension for
each such r1. We construct families of obstructed components and show that their generic
point is not the generic vector bundle of given rank and determinant. Finally, we also obtain
an upper bound on the degree of rational connectedness of SUC(r, L) which is linear in the
dimension.

Introduction

Let C be a smooth projective curve of genus g ≥ 2, let r and d be integers with r > 0,
and let L be a line bundle of degree d on C. Throughout the paper we write h := gcd(r, d).

The moduli space M := SUC(r, L) parametrizes semistable rank-r vector bundles on C
with determinant L up to S−equivalence. It is well-known that M is a normal and locally
factorial projective variety of dimension (r2 − 1)(g − 1) whose singularities are at worst
rational and Gorenstein. Moreover, there is an ample divisor Θ on M such that PicM ∼= ZΘ
and KM = −2hΘ; in particular M is Fano of index 2h. One can show that M is smooth
precisely when either h = 1 or g = r = 2 and d is even; in all other cases, the singular locus
is the (nonempty) locus of equivalence classes of strictly semistable bundles. We refer to
[DN] for further details on the geometry of M . Rational curves have long been a useful tool
in the study of varieties in general, and of Fano varieties in particular (e.g. [K, Hu1]). The
main topic of this paper is the structure of the Hilbert scheme Mork(P1,M) parametrizing
rational curves f : P1 →M of degree k ≥ 1.

This subject has a long tradition. Narasimhan-Ramanan [NR2] and Newstead [N], who
addressed the case of g = r = 2 and d odd, gave beautiful geometric descriptions of the space
of lines in M. In [S], Sun classified curves of minimal degree and determined the minimal
degree of a rational curve through a generic point of M . Additional results in this direction
were obtained in [MS], where the authors give constructions of rational curves of minimal
degree in M and in [Li] where the particular case of genus 3, rank 2 and even degree is
described.

The aforementioned results all deal with very particular cases of genus and rank of the
vector bundle or specific degree of the rational curve. Up to now, the only case that has
been addressed for arbitrary genus and degree of the rational curve is when r = 2 and d is
odd; in this case, Castravet [C] classified the irreducible components of the Hilbert scheme
of rational curves. Here, we extend much of Castravet’s work to the setting of arbitrary rank
and degree. Our first two main results completely classify the components of Mork(P1,M)
which have the expected dimension:
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Theorem 0.1. For all k ≥ 1, there are precisely h components of Mork(P1,M) which are
unobstructed (and therefore of the expected dimension). They correspond to either families
of lines in spaces of one-step extensions of vector bundles on C or extensions of a skyscraper
sheaf by a vector bundle.

Theorem 0.2. There is an obstructed component of Mork(P1,M) having the expected di-
mension if and only if k is divisible by r1(r − r1)(g − 1) for some r1, 1 ≤ r1 ≤ r − 1. There
is a unique such component for each r1, and it corresponds to families of rational curves of
higher degrees in spaces of extensions of vector bundles on C.

We also determine some obstructed components of Mork(P1,M) that are not of the ex-
pected dimension, and we show that their associated rational curves only fill up a proper
closed subvariety of M , i.e. that the generic point on any of these rational curves is not a
generic stable vector bundle of the given rank and determinant.

Theorem 0.3. The components of Mork(P1,M) not listed in Theorems 0.1 and 0.2 are ob-
structed components corresponding to rational curves of higher degree in spaces of extensions
of vector bundles on C or to rational curves in multiple step extensions of vector bundles. The
points of these rational curves correspond to vector bundles on C that fill a proper subvariety
of M .

Rational curves of minimal degree and their tangent directions have been used to study
the deformation theory of M (e.g. [Hu2, HuR]). There has been a lot of interest in studying
uniruled varieties, that is varieties covered by rational curves. One of the most interesting
invariants of a uniruled variety is the minimum degree of a rational curve through a generic
point of the variety. This invariant was determined for M in [S]; a natural next step is to ask
for the minimal degree of a rational curve between two generic points [KMM]. We answer
this question here looking at rational connectivity and computing the minimum degree of
an irreducible rational curve containing two generic points of M (Proposition 4.1).

An important question about rational curves on a Fano variety X comes from Batyrev’s
conjecture on the growth rate of the number of components of Mork(P1, X) as k increases
(e.g. [LT]). We hope that our description of components will add to the reservoir of examples
against which to check this conjecture.

In Section 1, we review an equation giving the degree of a curve in M using the natural
decomposition of a vector bundle on P1 as direct sum of line bundles. We also prove a criteria
that allows to describe all families of rational curves in M in terms of extensions. In Section
2 we construct the unobstructed components of the Hilbert space and show that these are all
the unobstructed components (see Theorem 2.10). Our main tool is the stability of a generic
extension of generic vector bundles of given rank and degree. In Section 3, we construct
the additional components of Theorem 0.2. We also construct additional families of vector
bundles and prove Theorem 0.3. Finally, in Section 4, we consider the degree of rational
curves containing two generic points in M .

Acknowledgments: We would like to thank Ana-Maria Castravet, Brian Lehmann,
Sukhendu Mehrotra, Swarnava Mukhopadyay, Peter Newstead, and Hacen Zelaci for valuable
discussions and correspondence related to this work. The first author was supported by the
Max-Planck-Institut für Mathematik while part of this work was carried out; he would like
to thank them for their hospitality and excellent working conditions.
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1. Preliminaries

In what follows, we fix a line bundle L of degree d on C and denote SUC(r, L) by M.
The Zariski tangent space to the moduli space UC(r, d) parametrizing semistable bundles

of rank r and degree d at a point corresponding to a stable bundle E may be naturally
identified with H1(C,E∗ ⊗ E). The trace map tr : E∗ ⊗ E → OC . induces a decomposition

E∗ ⊗ E ∼= OC ⊕Hom0(E)

where OC corresponds to homotheties and Hom0(E) denotes traceless endomorphisms of E.
The derivative of the determinant map detr,d : UC(r, d)→M can be identified with the map

H1(tr) : H1(C,E∗ ⊗ E)→ H1(C,OC)

induced by the trace map tr : E∗ ⊗ E → OC .
The tangent space to M at E can be identified with H1(C,Hom0(E)), which has dimension

(r2 − 1)(g − 1). Consider the determinant map detr,d : UC(r, d) → Picd(C). The fibers of
detr,d are all isomorphic to M, as one can go from one fiber to any other by tensoring with
a suitable line bundle of degree zero.

Throughout the paper, we will write h := (r, d), r := r/h and d := d/h. If F is a semistable
vector bundle of rank r and degree r(g− 1)− d, then E⊗F is semistable of slope g− 1. For
a generic choice of F , the locus {E ∈M : h0(E⊗F ) > 0} is a proper subset of M and then
the support of an ample Cartier divisor. The linear equivalence class of this divisor, which
is denoted by Θ, is independent of F. It is known that Pic(M) ∼= ZΘ and that KM = −2hΘ.

Definition 1.1. If C ′ is a smooth projective curve of genus g′ and f : C ′ →M is a morphism,
the degree of f is deg(f) := c1(f

∗Θ).

We are interested in the Hilbert scheme Mork(C ′,M) parametrizing morphisms from C ′

to M of degree k ≥ 1. It is well-known that the Zariski tangent space to the Hilbert scheme
at f is H0(C ′, f ∗TM), and that f is unobstructed if H1(C ′, f ∗TM) = 0.

Lemma 1.2. The expected dimension of a component of Mork(C ′,M) is its minimum pos-
sible dimension

2hk + (r2 − 1)(g − 1)(1− g′)

Proof. We have from Riemann-Roch that

χ(C ′, f ∗TM) = deg(f ∗TM) + rank(f ∗TM)(1− g′) = deg(f ∗TM) + dim(M)(1− g′)

= −f∗[C ′] ·KM + (r2 − 1)(g − 1)(1− g′) = 2hk + (r2 − 1)(g − 1)(1− g′)
Thus 2hk + (r2 − 1)(g − 1)(1− g′) is the minimal dimension of a component of the Hilbert
scheme and in fact the expected dimension. �

For the rest of the paper, we focus on the case in which C ′ = P1.
There is a projective bundle P and a vector bundle A0 on C×M such that for all E ∈M,

we have P|C×{E} ∼= P(E) and Hom0(E) ∼= A0|C×{E}. If pM : C ×M → M is the projection

map, we also have TM ∼= R1pM∗A0. There exists a vector bundle Ẽ on C ×M such that

Ẽ |C×[E]
∼= E for all [E] ∈ M (in particular, P ∼= P(Ẽ)) and A0

∼= Hom0(Ẽ) precisely when

h = 1; in this case, Ẽ is a Poincaré sheaf on C ×M.
The following is proved in [S] Lemma 2.1. We include it here for ease of citation.
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Lemma 1.3. For any f ∈ Mork(P1,M) there exists a vector bundle E on C × P1 such that
E|C×{t} = f(t) for all t ∈ P1 and Hom0(E) = (1C × f)∗(A0). �

This allows us to identify non-constant maps f : P1 → M with vector bundles on C × P1

that restrict to a semistable vector bundle of rank r and determinant L on every fiber of the
projection to P1, even when h > 1.

Lemma 1.4. The point of Mork(P1,M) corresponding to a morphism f : P1 → M whose
image lies in the smooth locus of M is unobstructed if and only if the restriction of the
associated vector bundle E on C×P1 to the generic fiber {P}×P1 is isomorphic to E|{P}×P1 =
OP1(α)r1 ⊕OP1(α− 1)r−r1 for some α ∈ Z and r1 ∈ [1, r].

Proof. For every point P ∈ C the restriction E|{P}×P1 is a vector bundle on P1, and therefore
a direct sum of line bundles. Let us write the fiber over the generic P as

(1.1) E|{P}×P1 = OP1(α1)
r1 ⊕ · · · ⊕ OP1(αl)

rl , α1 > · · · > αl

Recall that the point corresponding to f is unobstructed if and only if H1(P1, f ∗TM) = 0.
By Lemma 1.3, we have that

H1(P1, f ∗TM) ∼= H1(P1,Hom0(E)|{P}×P1)

∼= H1(P1,Or−1
P1 ⊕

⊕
i 6=j

OP1(αi − αj)
rirj) ∼=

⊕
i 6=j

H1(P1,OP1(αi − αj))
rirj

Since this vanishes if and only if |αi − αj| ≤ 1 for all i and j, the result follows. �

It follows that up to tensoring with the pull back of a line bundle on P1, we can assume
that on an unobstructed component the restriction to the generic fiber is either trivial or
OP1(1)r1 ⊕Or−r1

P1 for some r1 > 0.
Corresponding to the decomposition of the generic fiber in equation (1.1), we have a

relative Harder-Narasimhan filtration for E with respect to p : C × P1 → C:

0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E
The successive quotients

(1.2) Fi = Ei/Ei−1
are each torsion-free with generic splitting type OP1(αi)

ri . Therefore, F ′i := Fi⊗p∗2OP1(−αi)
has generically trivial splitting type for each i.

A vector bundle on C × P1 whose restriction to a general fiber of the projection to P1 is
semistable of rank r and degree d gives rise to a rational curve f : P1 → M . From (2.1),
(2.2) in [S], the degree of the pull back of E with respect to the anticanonical bundle can be
computed as the discriminant of E :

deg(f) = ∆(E) = 2rc2(E)−(r−1)c1(E)2 = 2r
n∑

i=1

c2(F ′i)+2
n−1∑
i=1

(rank(Ei)d−deg(Ei)r)(αi−αi+1)

As d = hd̄, r = hr̄ with h the greatest common divisor of d, r, the degree k of the rational
curve as defined in 1.1 is

(1.3) k = r̄

n∑
i=1

c2(F ′i) +
n−1∑
i=1

(rank(Ei)d̄− deg(Ei)r̄)(αi − αi+1)
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Lemma 1.5. If a torsion free sheaf E on a ruled surface has generic trivial splitting type,
then c2(E) ≥ 0 with equality if and only if E is the pullback of a locally free sheaf on C, i.e. E
has trivial splitting type on each fiber.

Proof. See the proof of [GL] Lemma 1.4 (or [S], Lemma 2.2) and [H]. �

Recall that given a vector bundle E on C, a point P ∈ C, and a surjective morphism
φ : E → OP , the associated elementary transformation E ′ is the kernel of φ. In particular
E ′ fits into an exact sequence

(1.4) 0→ E ′ → E → OP → 0

Lemma 1.6. Denote the successive quotients from equation (1.2) by Fi. There exist a finite
number of elementary transformations

0→ Fi1 → Fi → O{Pi1}×P1(β1)
r′l → 0, 0→ Fi2 → Fi1 → O{Pi2}×P1(β2)

r′2 → 0, . . .

. . . , 0→ Fiki → Fiki−1 → O{Piki
}×P1(βi)

r′ki → 0

with Fiki the pull-back of a vector bundle on C.

Proof. Recall that F ′i has generic trivial splitting type. So, from Lemma 1.5, c2(F ′i) ≥ 0
with equality if and only if F ′i is the pull back of a locally free sheaf on C.

If c2(F ′i) > 0, then the vector bundle is not the pull-back of a vector bundle on C. Hence,
from Lemma 1.5, the fiber over a certain P ∈ C has nontrivial splitting type.

(F ′i)|{P}×P1 = OP1(γ1)
r1 ⊕OP1(γ2)

r2 ⊕ · · · ⊕ OP1(γp)
rp , γ1 < · · · < γp.

Consider the natural map F ′i → O{P}×P1(γ1)
r1 and the corresponding exact sequence

0→ Fi1 → F ′i → O{P}×P1(γ1)
r1 → 0

As F ′i has trivial splitting type and the degree on each fiber is the same,
∑p

j=1 γjrj = 0.
Then, the assumption γ1 < · · · < γp implies γ1 < 0. From the exact sequence defining Fi1,

c2(Fi1) = c2(F ′i) + r1γ1 < c2(F ′i).

Take β1 in the statement of the lemma to be γ1.
As the cokernel of the injective map Fi1 → F ′i is concentrated on a fiber, the generic

splitting type of Fi1 is still trivial. If c2(Fi1) > 0, we repeat the process. We obtain a
sequence of bundles Fi1,Fi2, . . . with exact sequences as in the statement of the lemma and

· · · < c2(Fi3) < c2(Fi2) < c2(Fi1) < c2(F ′i).

From Lemma 1.5, c2(Fik) ≥ 0 for all k with equality only if Fik is the pull back of a sheaf
on C. As c2(F ′i) is finite, the process needs to stop. The process can be continued so long
as c2(Fik) > 0. Hence, there exists a kl such that c2(Fikl) = 0 and then Fikl is the pull back
of a sheaf on C. Hence, F ′i can be obtained by doing elementary transformations from the
pull back of a bundle on C. �

Corollary 1.7. Given a family of rational curves in M , one can find families of vector
bundles and divisors C so that the rational curves live in spaces of successive extensions and
elementary transformations.
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2. Unobstructed components

Definition 2.1. If E is a vector bundle of rank r and degree d on C, then for each positive
r′ < r the r′ Segre invariant of E is defined as

sr′(E) := min

{∣∣∣∣r′ r
d′ d

∣∣∣∣ : ∃ subbundle E ′ ⊂ E of rank r′ and degree d′

}
Note that E is stable if and only if sr′(E) > 0 for all positive r′ < r. If E is a generic

stable vector bundle of rank r and degree d, we have from Satz 2.2 of [L1] and Théorème 4.4
of [Hi] that

r′(r − r′)(g − 1) ≤ sr′(E) < r′(r − r′)(g − 1) + r, sr′(E) ≡ r′d mod r

One has the following results [RT]:

Proposition 2.2. When 0 < s ≤ r′(r − r′)(g − 1) the Segre locus

S(r′,s)(r, d) := {E ∈ U(r, d) : sr′(E) = s}

is nonempty of codimension r′(r − r′)(g − 1) − s in U(r, d). Moreover, the generic element
E of S(r′,s)(r, d) is an extension of the form

0→ E ′ → E → E ′′ → 0

where E ′, E ′′ are generic elements of U(r′, d′) and U(r − r′, d − d′), respectively (here d′ =
dr′−s

r
). For all such (r′, s) we have the inclusion

(2.1) S(r′,s)(r, d) ⊂ S(r′,s+r)(r, d), s < r′(r − r′)(g − 1);

S(r′,s)(r, d) = U(r, d), s ≥ r′(r − r′)(g − 1)

Lemma 2.3. Let L be a fixed line bundle on a curve C. Given generic stable vector bundles
E1, E2 of ranks r1, r2 and degrees d1, d2, respectively, with d1

r1
< d2

r2
and detE1 ⊗ detE2 = L

and a generic extension 0 → E1 → E → E2 → 0, then E is stable. In fact, the loci of
non-stable bundles inside the space of extensions has codimension at least r1r2(g − 1).

Proof. By Proposition 2.2, the stratification of M by the Segre invariant satisfies

S(r′,s)(r, d) ⊆ S(r′,s+r)(r, d)

when s < r′(r − r′)(g − 1). As the moduli space of vector bundles of given rank and degree
is nonsingular at any stable point, it suffices to prove the result for the smallest values of s,
namely 0 < s ≤ r. The result is known without fixing the determinant (p.493 of [RT]). Two
spaces of vector bundles with fixed determinant are isomorphic if the degrees are the same
(or simply, congruent modulo r). Therefore, the result is also true with the assumption of
fixed determinant. �

Lemma 2.4. Assume that E is a generic vector bundle of rank r, degree d + 1 and Segre
invariant s < r1(r − r1)(g − 1). Then a generic elementary transformation of E is a vector
bundle of rank r and degree d with Segre invariant s+(r1−r). Moreover, If E is generic with
given invariant s, its elementary transformation is generic with given invariant s+ r1 − r.
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Proof. A generic vector bundle with Segre invariant s corresponds to a generic extension
0 → E1 → E → E2 → 0 with E1, E2 of ranks r1, r2 = r − r1 and degrees d1, d2 = d − d1
and r2d1 − r1d2 = s. The subbundle E1 is unique with the condition that it has this rank
and degree. A generic elementary transformation does not preserve E1; hence, the generic
elementary transformation has invariant s+ (r1 − r) (e.g. [BL], Lemma 1.5).

Considering the dual vector space, the process can be reversed, hence a generic element
in S(r1,s+r1−r)(r, d) must come from a generic element in S(r1,s)(r, d). �

Proposition 2.5. Let r ≥ 2. Given generic vector bundles E1, E2 of ranks r1, r2 = r − r1
and degrees d1, d2 = d − d1 with d1

r1
< d2

r2
and detE1 ⊗ detE2 = L. On C × P1 consider a

family of extensions of the form

(2.2) 0→ p∗1E1 ⊗ p∗2OP1(1)→ E → p∗1E2 → 0

Consider a point in the space of extensions over C ×P1 as a curve in M . The degree of this
curve is d̄r1 − d1r̄.
Proof. The stability of the general extension in this family follows from Lemma 2.3. In fact,
as the loci of non-stable extensions has codimension at least two, there are whole rational
lines contained in the stable locus. The degree is computed in equation (1.3). �

Lemma 2.6. Consider an exact sequence of vector bundles

0→ E1 → E → E2 → 0

If E1, E2 are semistable and µ(E1) < µ(E2), then h0(Hom(E2, E1)) = 0.

Proof. The image of a non-trivial morphism E2 → E1 would be both a quotient of E2 and a
subbundle of E1. From semistability µ(E2) ≤ µ(Imf) ≤ µ(E1) which is incompatible with
the assumptions. �

Proposition 2.7. There is a family of maps from rational curves to M as described in
equation (2.2) with varying E1, E2. The family is parametrized by the Grassmannian of lines
of a projective extension space over the space of pairs of bundles of fixed product determinant.
It is unobstructed and has the expected dimension (writing k for the degree as in (1.3))

dimM + 2hk, k = d̄r1 − d1r̄.
Proof. While there are no Poincaré bundles on the moduli spaces UC(ri, di) when ri, di are
not coprime, from [NR] Prop 2.4, there exists an étale cover U1 of UC(r1, d1) such that there
is a universal bundle E1 on U1 × C. Similarly, there exists an étale cover U2 of UC(r2, d2)
and a universal bundle E2 on U2 × C. In what follows we will abuse notation and identify
elements of U1 and U2 with their images under the associated étale covers. We define

UL := {(E1, E2) ∈ U1 × U2 : detE1 ⊗ detE2
∼= L}

Since this is a fiber of a surjective map from U1 × U2 to Picd(C), we have that

dim(UL) = dim(U1) + dim(U2)− g = r21(g − 1) + 1 + r22(g − 1) + 1− g
We will be using the natural projection maps

p1 : UL × C → UL, p2 : UL × C → C, πi : UL → Ui(i = 1, 2)

From Lemma 2.6 and Grauert’s theorem,

R1p1∗Hom((π2 × 1C)∗E2, (π1 × 1C)∗E1)
7



is a vector bundle on UL whose fiber over (E1, E2) is Ext1(E2, E1). Its rank is

dimExt1(E2, E1) = h1(E∨2 ⊗ E1) = r1r2(g − 1) + r1d2 − r2d1
Consider the projective bundle

(2.3) π : P := P(R1p1∗Hom((π2 × 1C)∗E2, (π1 × 1C)∗E1))→ UL
There is a canonical extension on P× C
(2.4) 0→ ((π1 ◦ π)× 1C)∗E1 ⊗OP(1)→ E → ((π2 ◦ π)× 1C)∗E2 → 0

By Lemma 2.3 the general extension is stable outside a locus of codimension at least 2, hence
there are lines in P entirely contained in the stable locus. The restriction of E to the fiber
over a point of UL gives a vector bundle on C. Therefore, for every line in P and every
morphism from P1 to this line, we obtain a map from P1 to M . As the line moves in P and
the morphism from P1 to this line moves, we obtain a family of maps from the rational line
to M .

The restriction of the canonical extension in equation (2.4) to P1×C where P1 is a line in
P shows that for a fixed P ∈ C, the restriction of E to P1×{P} is of the form OP1(1)r1⊕Or2

P1 .
Hence, from Lemma 1.4, the component we are constructing is unobstructed.

We compute the dimension of the family of lines in P and add to this the dimension of
the linear group of P1

dim Gr(P1,P) = dim UL + dim P(Ext1(E2, E1)) + dim Aut(P1) =

r21(g − 1) + 1 + r22(g − 1) + 1− g + 2[r1r2(g − 1) + r1d2 − r2d1 − 2] + 3

= (r2 − 1)(g − 1) + 2[r1d2 − r2d1] = dim(M) + 2hk

�

Our next goal is to consider rational curves in M whose general point is an extension of a
torsion sheaf by a vector bundle of rank r. Using again the correspondence between rational
curves in M and vector bundles on C×P1, we can consider families of extensions of the form

(2.5) 0→ p∗1E
′ ⊗ p∗2OP1(1)→ E → p∗1OD → 0

for a divisor D on C of degree t.

Proposition 2.8. There is a family of maps from rational curves to M as described in (2.5)
with varying E ′, D. The family is parametrized by an extension space over the space of pairs
of vector bundles and divisors of fixed degree with fixed product determinant. The family is
unobstructed and has the expected dimension

dimM + 2hk, k = r̄ degD.

Proof. Consider the Hilbert scheme Ht of divisors of degree t on C with universal subscheme
D on Ht×C. Let U be a covering of the moduli space of vector bundles of rank r and degree
d− t such that a Poincaré universal bundle P exists on U × C. Define

S = {(D,E) ∈ Ht × U | (∧rE)(D) = L}, π1 : S → Ht, π2 : S → U.

On S × C × P1 (with projections pi, i = 1, 2, 3), consider the space of extensions

P = P(Ext1(((π1 ◦ p1)× p2)∗OD, ((π2 ◦ p1)× p2)∗P ⊗ p∗3OP1(1))

The universal exact sequence takes the form
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(2.6) 0→ ((π2 ◦ p1)× p2)∗P ⊗ p∗3OP1(1)→ E → ((π1 ◦ p1)× p2)∗OD → 0

From Lemma 2.4, the generic extension restricted to the fiber over a point in S gives rise to
a stable vector bundle on C.

From (1.3), the generic point in P parameterizes rational curves in M of degree r̄t.
From the definition of S,

dimS = r2(g − 1) + 1 + t− g = (r2 − 1)(g − 1) + t

On the other hand, if D =
∑t

i=1 Pi then

Ext1(OD, E ⊗OP1(1)) ∼=
t⊕

i=1

Ext1(OPi
, E ⊗OP1(1))

An extension consists of a collection of t extensions. Changing any of them by multiplication
with a constant does not change the vector bundle. Therefore the dimension of the family is

dimS + dimExt1(OD, E ⊗OP1(1))− t = (r2 − 1)(g − 1) + t+ 2tr − t

= (r2 − 1)(g − 1) + 2tr = dimM + 2hk.

�

Consider now rational curves of higher degree a inside the space of extensions defined in
equation 2.3. We will see that the images of these rational curves in M fill the whole of M
only when the degree k is divisible by (g − 1)r1(r − r1) for some r1, 1 ≤ r1 ≤ r − 1 (see
Theorem 3.3). In those particular situation of degrees, we obtain the generalization of the
“almost nice component” in [C].

Consider now the combination of the two constructions

0→ p∗1E1 ⊗ p∗2OP1(1)→ E ′ → p∗1E2 → 0

0→ E ′ ⊗ p∗2OP1(1)→ E → p∗1OD → 0

Lemma 2.9. There is a family of maps from rational curves to M as described above with
varying E1, E2, D. The family has dimension smaller than expected and therefore it is not a
component of the Hilbert scheme of maps from P1 to M .

Proof. The degree can be computed from equation (1.3) as

hk = r1d− rd1 + r degD

The computation of the dimension of the family is similar to the cases above. It is given as

dimU(r1, d1) + dimU(r2, d2) + degD − g + 2h1(E∗2 ⊗ E1) + r degD − degD

Using that d = d1 +d2 + degD and the expression for k, the dimension of the family is given
as

dimM + 2hk − 2r1 degD < dimM + 2hk

�

Theorem 2.10. Given d, r > 0, k > 0 integers, let h be the greatest common divisor of r, d.
There exist h different families of unobstructed maps from rational curves to M of degree k.

9



Proof. Write d = hd̄, r = hr̄. As d̄, r̄ are relatively prime, there exist unique integers r0 and
d0 such that 0 ≤ r0 < r̄ and (r0, d0) is a solution of

(2.7) d̄x− r̄y = k

There are exactly h choices for a solution (r1, d1) of (2.7) satisfying 0 ≤ r1 < r.
Assume first that r1 > 0. Defining d2 := d− d1, r2 := r − r1, we have

(2.8) d2r1 − r2d1 = dr1 − rd1 = hk > 0

It follows at once that d1
r1
< d2

r2
; in particular, the conditions of Proposition 2.5 are satisfied.

Moreover, from Proposition 2.7 there is a family of maps corresponding to points in the
space of extensions of the pull back of a vector bundle of rank r2 and degree d2 by the pull
back of a vector bundle of rank r1 and degree d1 tensored with OP1(1). We know that this
family has the right dimension and the generic point is unobstructed.

If r1 = 0, k is divisible by r̄. We can then use Proposition 2.8 instead of Proposition 2.5
for the construction of one of the components.

We need to check that these are the only unobstructed components. From Lemma 1.4, an
unobstructed component has one or two steps in the Harder-Narasimhan filtration. From
Lemma 1.6, the pieces we use to build extensions come from elementary transformations
of pull backs of vector bundles on the curve C. From Lemma 2.9, there is no need to
do elementary transformation in the two step extensions. Therefore, there are no other
unobstructed components. �

3. Additional components

From equations (1.1), (1.3) and Lemma 1.4, any additional components would come from
families in which the restriction of the vector bundle to the generic P1 is direct sum of line
bundles of at least three different degrees or line bundles of two degrees that differ in more
than one unit. We look at the second case first.

Lemma 3.1. Let r ≥ 2 and assume that E1, E2 are generic semistable vector bundles of
respective ranks r1, r2 and degrees d1, d2 with r1 + r2 = r, d1 + d2 = d, d1

r1
< d2

r2
and detE1 ⊗

detE2
∼= L. On C × P1 consider an extension of the form

(3.1) 0→ p∗1E1 ⊗ p∗2OP1(a)→ E → p∗1E2 → 0

(i) For general y ∈ P1 the restriction E|C×y is a stable bundle, and the degree of the
associated rational curve in M is k = a[d̄r1 − d1r̄].

(ii) If a > 1, the family of rational curves on M obtained from (3.1) by varying E1 and
E2 is obstructed and has dimension

dimM + hk + (a− 1)r1r2(g − 1) + [r1d2 − r2d1].

Proof. The stability of the general extension is proved as in Proposition 2.5, while the degree
computation follows from equation (1.3); this proves (i). We now turn to (ii), whose proof
is as in Proposition 2.7.

Using again UL for the space of pairs of bundles with determinant of the product the given
L, consider the projective bundle over UL

Pa := P(R1π∗Hom((π2 ◦ p1 × p2)∗E2, (π1 ◦ p1 × p2)∗E1 ⊗ p∗3OP1(a))).
10



There is a canonical extension on Pa × C × P1

0→ ((π2 ◦ p1)× p2)∗E1 ⊗ p∗3OP1(a)→ E → ((π2 ◦ p1)× p2)∗E2 → 0

The restriction of E to the fiber over a point of UL gives a vector bundle on C × P1 and
therefore, a rational curve in M . As the point moves in UL, we obtain a family of rational
curves in M .

The restriction of E to the fiber over a point of UL × C is of the form OP1(a)r1 ⊕ Or2
P1 .

Hence, from Lemma 1.4, if a > 1, the family we are constructing is obstructed.
By Lemma 2.3 the general extension is stable. From the correspondence between vector

bundles on C × P1 and rational curves in M , Pa gives rise to a family of such maps.

dim(Pa) = dim(UL) + dim(P(Ext1(E2, E1(a)))) =

r21(g − 1) + 1 + r22(g − 1) + 1− g + (a+ 1)[r1r2(g − 1) + r1d2 − r2d1]− 1 =

= (r2 − 1)(g − 1) + (a− 1)r1r2(g − 1) + ah(r1d̄− r̄d1) + [r1d2 − r2d1] =

= dim(M) + hk + (a− 1)r1r2(g − 1) + [r1d2 − r2d1]
�

We now consider families of extensions of the form

(3.2) 0→ p∗1E
′ ⊗ p∗2OP1(a)→ E → p∗1OD → 0

for a divisor D on C of degree t.

Lemma 3.2. There is a family of maps from rational curves to M as described in (3.2) with
varying E ′, D. The family is parametrized by an extension space over the space of pairs of
vector bundles and divisors of fixed degree with fixed product determinant and has dimension

dimM + hk + r degD, k = ar̄ degD

For a > 1, the family is obstructed and is not a component of the space of maps from P1 to
M .

Proof. The proof is as in Proposition 2.8, replacing P by

Pa = P(Ext1(((π1 ◦ p1)× p2)∗(OD), ((π2 ◦ p1)× p2)∗(P)⊗ p∗3(OP1)(a)))

Lemma 2.4, can still be applied to prove the stability of the generic extension.
From (1.3), the generic point in Pa parameterizes rational curves in M of degree ar̄t.
The dimension of the family is

dimS + Ext1(OD, E ⊗OP1(a))− t = (r2 − 1)(g − 1) + t+ (a+ 1)tr − t = dimM + hk + tr

For this family to be a component of the space of rational maps to M , it would have to have
dimension at least the expected dimension. This would imply that tr ≥ atr which in turn
implies a ≤ 1. �

Theorem 3.3. For a > 1, if the family described in Proposition 3.1 is an (obstructed)
component of the space of maps from P1 to M of degree k = a(r1d−rd1), then a vector bundle
in the image rational curve in M is not generic except when k is divisible by (g−1)r1(r−r1)
for some r1, 1 ≤ r1 ≤ r − 1.

11



Proof. We first show that the dimension we found in Proposition 3.1 is larger than the
expected dimension dimM +2hk if and only if r1d−rd1 ≤ r1(r−r1)(g−1). As the expected
dimension is the smallest dimension a component of the space of maps can have, this will
suffice to prove that the family is not a component of the space of maps if r1d − rd1 >
r1(r−r1)(g−1). We will only need to deal with the case when that inequality is an equality.
The condition on the dimension can be written as

dim(M) + hk + (a− 1)r1r2(g − 1) + [r1d2 − r2d1] ≥ dim(M) + 2hk

Using that hk = a(r1d− rd1), this is equivalent to

(a− 1)r1(r − r1)(g − 1) + (r1d− rd1) ≥ a(r1d− rd1)
As we are assuming a > 1, the inequality is preserved by dividing by a− 1. We obtain the
equivalent equation

(3.3) r1(r − r1)(g − 1) ≥ r1d− rd1
When the inequality is strict, this implies (see equation (2.1)) that the corresponding vector
bundle is special. When the inequality is an equality, we obtain the special case in which k
is divisible by (g − 1)r1(r − r1). �

Remark 3.4. When r = 2 and d = 1, equality in (3.3) implies that g is even, so that we
recover the full statement of Theorem 1.6 in [C].

Corollary 3.5. If r = 2, a > 1, the family described in Proposition 3.1 is an (obstructed)
component of the space of maps from P1 to M of degree k = a(d − 2d1) if and only if
d− 2d1 < g− 1, or equivalently, when the vector bundle in the image rational curve in M is
not generic.

Proof. The only-if part has already been proved. It remains to show that, under the given
conditions, the family is actually a component of the space of rational curves. For this, it
suffices to show that it is not in the closure of a larger family of such curves.

Assume first that r is general and that r1d − rd1 < r1(r − r1)(g − 1) as in (3.3). By
construction of the family in (3.1), a point in the image rational curve in M is a vector
bundle on C which is an extension of a vector bundle of rank r2 and degree d2 by a vector
bundle of rank r1 and degree d1. From the inclusion in equation (2.1), if this family is
contained in a larger component, the d1 should decrease. On the other hand, a family of
vector bundles on P1 of the form OP1(a)r1 ⊕ Or2

P1 can be deformed by moving some of the
degree of OP1(a) to some of the OP1 . As we can normalize by tensoring with a line bundle
on P1, this has the effect of decreasing the a. If we assume that the k stays constant,
then ad1 is constant and therefore, d1 can be written in terms of a. Writing the dimension
in Proposition 3.1 as a function of a alone, we notice that it is an increasing function of
a. Hence, the family corresponding to a value of a cannot be in the closure of the family
corresponding to a different value. While for arbitrary r one could deform the family to a
family in which the decomposition of the bundle to the rational curve has more summands,
this cannot happen for rank two. This concludes the proof in this case. �

Consider now vector bundles on C × P1 whose restriction to the generic P1 is direct sum
of line bundles of at least three different degrees. Up to tensoring with a line bundle on P1,
we can assume that one of the summands is trivial,

OP1(a1 + · · ·+ al−1)
r1 ⊕OP1(a2 + · · ·+ al−1)

r2 ⊕ · · · ⊕ OP1(al−1)
rl−1 ⊕Orl

P1

12



We would be considering extensions of the form

(3.4)
0→ p∗1E1 ⊗ p∗2OP1(a1)→ E ′2 → p∗1E2 → 0, 0→ E ′2 ⊗ p∗2OP1(a2)→ E ′3 → p∗1E3 → 0

. . . , 0→ E ′l−1 ⊗ p∗2OP1(al−1)→ E → p∗1El → 0

We can obtain a family of such extensions by considering successive spaces of extensions
similarly to the construction in 2.7:

Lemma 3.6. Given positive integers a1, . . . , al−1, r1, . . . , rl, arbitrary integers d1, . . . , dl with

r1 + · · ·+ rl = r, d1 + · · ·+ dl = d,
d1
r1
<
d2
r2
< · · · < dl

rl

there is a family of maps from rational curves to M whose generic restriction to P1 is

OP1(a1 + · · ·+ al−1)
r1 ⊕OP1(a2 + · · ·+ al−1)

r2 ⊕ · · · ⊕ OP1(al−1)
rl−1 ⊕Orl

P1

The degree is obtained from

hk =
∑
i<j

(ridj − rjdi)(ai + ai+1 + · · ·+ aj−1)

The family is obstructed if l ≥ 3 and has dimension

dimM +
∑
i<j

(ridj−rjdi)(ai +ai+1 + · · ·+aj−1 +1)+[
∑
i<j

rirj(ai +ai+1 + · · ·+aj−1−1)](g−1)

Proof. Denote by U(ri, di) a suitable cover of the moduli space of vector bundles of rank ri
and degree di such that on C ×U(ri, di) a Poincare bundle Ei exists. Consider the space UL
of l-ples of bundles with determinant of the product the given L. Denote by π1, π2, . . . , πl
the projection of U(r1, d1)× U(r2, d2)× · · · × U(rl, dl) onto U(r1, d1), U(r2, d2), . . . , U(rl, dl)
respectively as well as the restriction of these projections to UL. Denote by p1, p2, p3 the
projection of C × P1 × UL onto C,P1,UL respectively. Consider the projective bundle over
C × P1 × UL

P1 := P(R1p3∗Hom(p1 × (π2 ◦ p3))∗E2, (p1 × (π1 ◦ p3))∗E1 ⊗ (p2)
∗(OP1(a1))).

with canonical extension on C × P1 × P1

0→ (p1 × (π1 ◦ p3))∗E1 ⊗ p∗2OP1(a1)→ E ′1 → (p1 × (π2 ◦ p3))∗E2 → 0.

We then construct a bundle P2 over P1 by considering extensions of the pull back of E3 by
E ′1�OP1(a2). More generally, we construct Pj as a projective bundle over Pj−1, j = 2, . . . , l−1
(we omit pull back maps and write � instead):

Pj := P(R1p3∗Hom(Ej+1, E ′j �OP1(aj))).

with canonical extension on C × P1 × Pj

(3.5) 0→ E ′j−1 �OP1(aj)→ E ′j → Ej+1 → 0.

We will write E = E ′l−1
From the correspondence between vector bundles on C × P1 and rational curves in M ,

Pl−1 gives rise to a family of maps from P1 to M .
13



Our next goal is to compute the dimension of the family we constructed. Note that

dim(UL) =
l∑

i=1

(r2i (g−1)+1)−g = [r2−1−2
∑
i 6=j

rirj](g−1)+(l−1) = dimM−2(g−1)
∑
i 6=j

rirj+l−1

dimPl−1 = dim(UL) + dim(fibP1 → (UL)) + dim(fibP2 → P1) + · · ·+ dim(fibPl−1 → Pl−2)

The fibers of the projection P1 → UL are

P(Ext1C×P1(E2, E1 �OP1(a1))) = P(H1(C,E∗2 ⊗ E1)×H0(P1,OP1(a1))).

As µ(E1) < µ(E2), h
0(C,E∗2 ⊗E1) = 0. Hence, the dimension of the fibers of the projection

P1 → UL is
[r1d2 − r2d1 + r1r2(g − 1)](a1 + 1)− 1

Similarly, the fibers of the projection P2 → P1 are P(Ext1C×P1(E3, E ′2 � OP1(a2))). In order
to compute the dimension of these fibers, we need to use the tautological sequence defining
E ′2 tensored with the pull back of the dual of E3 and OP1(a2). We omit pull back maps and
write � instead:

0→ E1 ⊗ E∗3 �OP1(a1 + a2)→ E ′2 � E∗3 �OP1(a2)→ E2 ⊗ E∗3 �OP1(a2)→ 0

We obtain that

dimExt1C×P1(E3, E ′2�OP1(a2)) = h1(C,E∗3⊗E1)h
0(P1,OP1(a1+a2))+h

1(C,E∗3⊗E2)h
0(P1,OP1(a2)) =

= [r1d3 − r3d1 + r1r2(g − 1)](a1 + a2 + 1) + [r2d3 − r3d2 + r2r3(g − 1)](a1 + 1)− 1

The dimension of the remaining fibers would be computed similarly.
Therefore, the dimension of the family is

dimM − 2(g − 1)
∑
i 6=j

rirj + l − 1 + [r1d2 − r2d1 + r1r2(g − 1)](a1 + 1)− 1+

+[r1d3 − r3d1 + r1r3(g − 1)](a1 + a2 + 1) + [r2d3 − r3d2 + r2r3(g − 1)](a1 + 1)− 1]

+ · · ·+[r1dl−rld1+r1rl(g−1)](a1+· · ·+al−1+1)+· · ·+[rl−1dl−rldl−1+rl−1rl(g−1)](al−1+1)−1 =

= dimM+
∑
i<j

(ridj−rjdi)(ai+ai+1+· · ·+aj−1+1)+[
∑
i<j

rirj(ai+ai+1+· · ·+aj−1−1)](g−1)

We can compute the degree using equation (1.3). Multiplying by h and using that

d = d1 + d2 + · · ·+ dl, r = r1 + r2 + · · ·+ rl

we obtain

hk = (r1d−d1r)a1+((r1+r2)d−(d1+d2)r)a2+· · ·+((r1+· · ·+rl−1)d−(d1+· · ·+dl−1)r)al−1 =

= (r1d2 − r2d1)a1 + (r1d3 − r3d1)(a1 + a2) + · · ·+ (r1dl − rld1)(a1 + · · ·+ al−1)+

+(r2d3 − r3d2)a2 + · · ·+ (r2dl − rld2)(a2 + · · ·+ al−1) · · ·+ (rl−1dl − rldl−1)al−1 =

=
∑
i<j

(ridj − rjdi)(ai + ai+1 + · · ·+ aj−1)

From Lemma 1.4, the family we are constructing is obstructed if l ≥ 3 or ai ≥ 2 �

Theorem 3.7. If the family described in Lemma 3.6 is an (obstructed) component of the
space of maps from P1 to M , then a vector bundle in the image rational curve in M is not
generic.
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Proof. For a family as in 3.6 to be a component of the Hilbert scheme of maps of P1 to M ,
its dimension needs to be at least as large as the expected dimension dimM + 2hk. This
condition is

dimM+
∑
i<j

(ridj−rjdi)(ai+ai+1+· · ·+aj−1+1)+[
∑
i<j

rirj(ai+ai+1+· · ·+aj−1−1)](g−1) ≥

dimM + 2
∑
i<j

(ridj − rjdi)(ai + ai+1 + · · ·+ aj−1)

This can be rewritten as∑
i<j

(ridj − rjdi − rirj(g − 1))(ai + ai+1 + · · ·+ aj−1 − 1) ≤ 0

Using that

ai + ai+1 + · · ·+ aj−1 − 1 = (ai − 1) + (ai+1 − 1) + · · ·+ (aj−1 − 1) + (j − i− 1)

and taking common factor the ai − 1, we obtain

(a1−1)
l∑

i=2

(r1di−rid1−rir1(g−1))+(a2−1)[
l∑

i=3

[r1di−rid1−rir1(g−1)+r2di−rid2−rir2(g−1)]+. . .

· · ·+(aj−1))[
l∑

i=j+1

j∑
k=1

(rkdi−ridk−rirk(g−1))+· · ·+(al−1−1)
l∑

k=1

(rkdl−rldk−rlrk(g−1))+

+
∑
i<j−1

(j − i− 1)(ridj − rjdi − rirj(g − 1)) ≤ 0

Regrouping the terms, this gives rise to

(3.6) (a1 − 1)[r1

l∑
i=2

di −
l∑

i=2

rid1 − r1
l∑

i=2

ri(g − 1)]

+(a2 − 1)[(r1 + r2)
l∑

i=3

di −
l∑

i=3

ri(d1 + d2)− (r1 + r2)
l∑

i=3

ri(g − 1)] + . . .

· · ·+ (aj − 1)[(

j∑
i=1

ri)(
l∑

k=j+1

dk)− (
l∑

k=j+1

rk)(

j∑
i=1

di)− (
l∑

k=j+1

rk)(

j∑
i=1

ri)(g − 1)) + . . .

· · ·+ (al−1 − 1)(
l−1∑
k=1

rk)dl − rl(
l−1∑
k=1

dk)− rl(
l−1∑
k=1

rk)(g − 1))

+
∑
i<j−1

(j − i− 1)(ridj − rjdi − rirj(g − 1)) ≤ 0

For every point (x, y) ∈ P1 × Pl−1, we obtain a vector bundle on C by considering the
restriction E = E|C×{x}×{y}. We want to show that under the above conditions, E is not
generic in M for generic (x, y) ∈ P1 × Pl−1.
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From exact sequence (3.5) for j = l− 1, E is an extension of El by E ′l−1 = E ′l−1||C×{x}×{y}.
The latter is a vector bundle of rank r1+· · ·+rl−1 and degree d1+· · ·+dl−1. From Propositon
2.2, if E is not special , we have

l−1∑
k=1

rkdl − rl(
l−1∑
k=1

dk)− rl(
l−1∑
k=1

rk)(g − 1) ≥ 0

More generally, write E ′j = E ′j||C×{x}×{y}. Then E ′j is a vector bundle of rank r1+· · ·+rj and

degree d1+ · · ·+dj. Assembling together the injective maps from (3.5) for j, j+1, . . . l−1, we
obtain an inclusion E ′j → E whose cokernel has rank rj+1 + · · ·+rl and degree dj+1 + · · ·+dl.
From Proposition 2.2, if E is not special, we have

(3.7) (

j∑
i=1

ri)(
l∑

k=j+1

dk)− (
l∑

k=j+1

rk)(

j∑
i=1

di)− (
l∑

k=j+1

rk)(

j∑
i=1

ri)(g − 1)) ≥ 0.

Claim 3.8. Multiplying equation (3.7) by r1 + · · · + rj−1 + rj+2 + · · · + rl and adding for
j = 1, . . . , l − 1, we obtain

(3.8)
∑
i<j−1

(j − i− 1)[ridj − rjdi − rirj(g − 1)] ≥ g − 1

r

∑
1≤m<n<p≤l

rmrnrp > 0

Note then that inequalities (3.7) and (3.8) are incompatible with (3.6). This will complete
the proof of the Theorem.

Proof. (of the claim) For i < j, write Aik = ridk − rkdi − rirk(g − 1). Note that

(3.9) If l < m < n, rnAlm − rlAmn = rmAln − rlrmrn(g − 1)

Multiplying equation (3.7) by r1 + · · ·+ rj−1 + rj+2 + · · ·+ rl and adding for j = 1, . . . , l− 1,
we obtain

l−1∑
j=1

(r1 + · · ·+ rj−1 + rj+2 + · · ·+ rl)[

j∑
i=1

l∑
k=j+1

Aik] ≥ 0.

This can be written as

(3.10)
∑

1≤i<k≤l

[(k − i)(r1 + · · ·+ ri−1) + (k − i− 1)ri + (k − i− 2)(ri+1 + · · ·+ rk−1)

+ · · ·+ (k − i− 1)rk + (k − i)(rk+1 + · · ·+ rl)]Aik ≥ 0

Note that
If m < n < p, rpAmn + rmAnp = rnAmp − rmrnrp(g − 1).

Therefore, for t > k, rtAik can be combined with riAkt to give rise to rkAit − rirkrt(g − 1).
When the process is carried out for all i, k, i < k once for each t > k, , one of the terms
rsAik will be used up for each s < i and new terms rvAik will be gained for i < v < k. Then,
inequality (3.10) becomes∑

1≤i<k≤l

(k − i− 1)rAik − (g − 1)
∑

1≤m<n<p≤l

rmrnrp ≥ 0.

as claimed. �
16



�

4. Rational curves through two generic points

A question of interest in the study of rational curves on Fano varieties is the minimum
degree of a rational curve through two generic points. In [KMM]. Kollar, Miyaoka and Mori
showed that the degree is bounded by a quadratic expression on the dimension. For M , this
bound can be greatly improved and is in fact linear on the dimension.

Proposition 4.1. Given two generic points of M , there is a rational curve containing the
two points of degree ( r

2

2
− 1)(g − 1) if r is even and degree 3r2−3

2
(g − 1) if r is odd.

Proof. Given E1, E2 ∈M generic, we want to find E ′, E ′′ such that we have exact sequences

0→ E ′ → E1 → E ′′ → 0, 0→ E ′ → E2 → E ′′ → 0

If these extensions exist, then there is a line in the projective space of extensions containing
the two given ones and its image is a rational curve in M containing both E1, E2.

The dimension of the space of extensions for a fixed E ′, E ′′ is r′d′′ − r′′d′ + r′r′′(g − 1).
Moreover, the dimension of the fibers of the map of the space of extensions to M are well
behaved, that is as small dimensional as possible ([RT]). Therefore, we need only r′d′′ −
r′′d′ + r′r′′(g − 1) ≥ (r2 − 1)(g − 1). Equivalently,

hk = r′d− rd′ ≥ (r2 − 1− r′(r − r′))(g − 1).

The smallest value of the right hand side is obtained for r′ as close as possible to r
2

which
gives the statement in the proposition. �
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